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Graphene on boron-nitride: Moire´ pattern in the van der Waals energy
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The spatial dependence of the van der Waals (vdW) energy between graphene and hexagonal
boron-nitride (h-BN) is investigated using atomistic simulations. The van der Waals energy between
graphene and h-BN shows a hexagonal superlattice structure identical to the observed Moire´ pattern
in the local density of states (LDOS) which depends on the lattice mismatch and misorientation
angle between graphene and h-BN. Our results provide atomistic features of the weak van der
Waals interaction between graphene and BN which are in agreement with experiment and provide
an analytical expression for the size of the spatial variation of the weak van der Waals interaction.
We also found that the A-B-lattice symmetry of graphene is broken a long the armchair direction.
Two-dimensional (2D) atomic crystals, such as
graphene, hexagonal boron nitride (h-BN), and molyb-
denum disulphide have gained recently a lot of interest
both experimentally and theoretically [1, 2]. The pos-
sibility of producing heterostructures and devices made
by stacking different 2D crystals on top of each other is
another interesting research area. The in-plane strong
covalent bonds provide in-plane stability for those 2D
crystals whereas stacked layers are held together by the
weak van der Waals-like forces [1].
On the other hand graphene’s carrier mobility when
deposited on a SiO2 substrate is limited due to scattering
on substrate roughness, charged surface states and impu-
rities [2]. Alternatives for SiO2 have been typically other
oxides imposing similar surface effects and problems [3].
However, it was found that h-BN is an ideal substrate di-
electric which is atomically flat and improved graphene’s
mobility by more than two orders of magnitude. The B-
N bond length is close to that of C-C with only a very
small (1.6%-2%) lattice mismatch [4]. Different on-site
energies for the B and N atoms lead to a large band
gap in h-BN which differs from the zero gap in graphene
[5]. These dielectric properties of h-BN are comparable
with that of SiO2 making h-BN a promising alternative
substrate for graphene with improved high-temperature
and high-electric field performance. The latter is due to
almost twice larger surface optical phonon frequency of
h-BN than similar modes in SiO2 [4].
Moire´ patterns are observed in aligned graphene on
h-BN. It was found that graphene flakes can align with
the underlying h-BN lattice within an error of less than
0.05o [4, 7]. The sizable Moire´ superstructure pattern
has a periodicity [4] much larger than the lattice constant
of both graphene and h-BN, i.e. ≃140 A˚. Ab-initio and
semi-empirical van der Waals studies showed that the
interaction between the small graphene flakes and the h-
BN substrate is similar to that of a graphene-graphene
stacked structure. The latter is deduced from the absence
of net charge transfer between graphene and the h-BN
layer [8].
The mismatch between the honeycomb lattice struc-
tures of GE and h-BN leads to long wavelength Moire´
patterns which requires large size unit cells that are
unattainable with ab-initio calculations. Earlier density
functional theory calculations assumed lattice matching
between graphene and h-BN which induces strain and
opens a gap in graphene’s spectrum of 4 meV [9] which
was not observed experimentally [10]. In previous works
the Moire´ pattern in GE/h-BN was connected to the van
der Waals (vdW) interaction, but a clear theoretical mi-
croscopic analysis is still missing. We use molecular mod-
eling and atomistic simulations with very large compu-
tational unit cells to study quantitative aspects of the
connection between the vdW interaction and the Moire´
pattern. Our results agree with recently reported experi-
ments on the Moire´ pattern in the LDOS of graphene on
h-BN.
In order to include the vdW interaction between GE
and h-BN we use a Lennard-Jones potential which mod-
els both the short range repulsive and long range at-
tractive nature of the interaction between two particles.
The LJ potential is a widely used potential in various
simulations for two interacting particles, i.e. u(r) =
4ε[(σ/r)12−(σ/r)6)], where r is the distance between two
atoms, ε is the depth of the potential well, and σ is the
distance at which the potential becomes zero. To model
the interaction between B, N and C atoms, we adjust
the LJ parameters using the equations ε =
√
εiεj and
σ = (σi + σj)/2 where i, j refer to B, N or C and where
σC =3.369 A˚ , σB =3.453 A˚, σN =3.365 A˚ and εC=2.635
meV, εB=4.16 meV, and εN=6.281 meV [11, 12]. The
total vdW-energy of GE/h-BN has contributions both
from B and N atoms, i.e. U= 12
∑
i,j u(rij).
First, we calculate the vdW energy of a single C
atom over a h-BN sheet at zero temperature which is
depicted in Fig. 1(a) where the C atom is located at
z =3.4 A˚ above h-BN. The honeycomb lattice structure
of the energy surface shows that a single C atom will be
preferentially adsorbed onto the hollow sites. However
since the depth of the wells are about 2 meV (which is
negligible in comparison to the thermal energy at room
temperature, i.e. 25 meV), the motion of a single C atom
will be diffusive [13]. In Fig. 1(b) three cross sections of
Fig. 1(a) along the zigzag (i.e. y-axis where x=0.0 and
0.725A˚) and armchair (i.e. x-axis, where y=-0.625A˚) di-
rections are shown. It is seen that the potential profiles
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FIG. 1: (Color online)(a) The van der Waals energy surface of the interaction between a single C atom and a h-BN sheet.
(b) Cross sections along the y-axis with x=0.0A˚ (blue-solid) and x=0.725A˚ (red-dashed), and along the x-axis with y =
−0.625A˚ (black-dotted-dashed). The symbols ‘B’ and ‘N’ in (b) refer to the position of B and N atoms shown in (a). (c) The
vdW energy variation along z-axis above B (red-dashed curve) and N (blue-solid curve) atom.
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FIG. 2: (Color online) The vdW energy landscape of graphene
on h-BN with lattice mismatch (a) 2% and (b) 1.4%. The
hexagonal lattice has side (a) 68 A˚ and (b) 102 A˚.
are different periodic functions. The variation of the to-
tal vdW energy of C/h-BN with height above the N (and
B) site are shown in Fig. 1(c). The minimum energy, i.e.
-58.12 meV (-58.09meV) is at z ∼=3.392 A˚ (z ∼=3.395 A˚ ).
Next we study the vdW energy of a GE sheet over a
h-BN substrate. The small mismatch between the two
lattices implies that it is necessary to take a very large
unit cell. One can simply estimate the superlattice size
by solving the equation m~bGE = n~bBN for two integer
numbers m and n, where ~bBN and ~bGE are lattice vectors
of h-BN and GE, respectively. We use two different sets
of common bond lengths, i.e. aBN=1.45 A˚ (1.44 A˚) and
aCC=1.42 A˚ for the h-BN and GE sheets [4, 5], re-
spectively which results in a lattice mismatch of δ =
1 − aCC
aBN
=0.021 (δ =0.014). Furthermore, the two lat-
tices may have different orientation which is determined
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FIG. 3: (Color online) Cross sections of the energy land-
scape of Fig. 2(a): (a) along zig-zag direction (where x =
L,L/2) and (b) along armchair direction (where y=1.84 A˚).
The inset in (b) indicates two sets of sites shown by circle and
triangle resulting in the two different energy curves.
by the misorientation angle θ. The difference between the
two wave vectors of the graphene and h-BN lattices leads
to the appearance of a hexagonal superlattice structure,
i.e. Moire´ pattern with length
L =
aCC√
2(1− δ)(1 − cos(θ)) + δ2 . (1)
From the above values for aCC and aBN one can estimate
m/n=48/47(72/71) for θ = 0 which results in a superlat-
tice with honeycomb structure with side L = maCC ≈
68 A˚ (102 A˚). Thus the total number of atoms within
such a unit cell, e.g. for (m = 48, n = 47) becomes
N = 2[( L
aCC
)2 + ( L
aBN
)2] = 8985 (and 20216 for m =
72, n = 71) which is beyond the ability of ab-initio meth-
ods.
Figure 2 shows density plots of the vdW energy sur-
face per atom i.e. for the ith C atom we calculated
Ui(xi, yi) =
∑
j u(rij) where the summation is taken
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FIG. 4: (Color online) The Moire´ patterns in the vdW energy for different misorientation angles θ. The angle between the
h-BN lattice and the Moire´ lattice is Φ. The shown areas are (200× 200) A˚2 in size.
over all B and N atoms with (a) aBN=1.45 A˚ and (b)
aBN=1.44 A˚ where in both cases θ = 0
o. It is inter-
esting that the honeycomb lattice structure in the vdW
energy surface has lattice sides equal to 68 A˚ for (a)
and 102 A˚ for (b) when the lattice mismatch is ≃ 2%
and ≃ 1.4%, respectively. These results are in agree-
ment with the hexagonal structure for the Moire´ pattern
reported in a recent experiment [4], i.e. 14/
√
3 = 80.9 A˚.
Moreover the depth of the energy wells are about that
found for C/h-BN but the periodicity is very different.
When we rotate the GE sheet over h-BN and recalcu-
late the vdW energy we find a π/3 rotational symmetry.
Therefore the global minimum energy of GE/h-BN oc-
curs for θ = nπ/3 with n an integer number. Two cross
sections of the energy surface of Fig. 2(a) in two per-
pendicular directions are shown in Fig. 3(a) (along zig-
zag direction where x = L/2, L = 68 A˚) and Figs. 3(b)
(armchair direction where y =1.84 A˚). It is seen that
the vdW energy varies sinus-like along the zig-zag direc-
tion (with a wavelength of about 120 A˚) while it shows
a more complex behavior along the armchair direction.
Notice that the energy along the armchair direction de-
pends on the A-lattice and B-lattice cites of the graphene
lattice, i.e. for a fix y value Ui(xA) = Ui(xB + L), see
inset of Fig. 2(b). Therefore, the vdW interaction breaks
the A-B symmetry of the graphene sheet along the arm-
chair direction while along the zig-zag direction we found
Ui(yA) = Ui(yB).
The effect of the misorientation (θ) on the vdW super-
lattice structure is shown in Fig. 4 for aBN = 1.45 A˚. By
changing θ from zero to 5o, the vdW superlattice struc-
ture rotates over an angle
Φ = tan−1(
sin[θ]
cos[θ] + δ − 1) (2)
with respect to the h-BN sheet.
The Fourier transform (FT) of Ui (Fig. 2(a)) is shown
in Fig. 5. The seven large Fourier components in the FT
of Ui motivates us to approximate the Moire´ pattern in
the vdW energy by an analytical potential function. In
analogy with the modulation function used in Refs. [4, 14]
to describe the low energy spectrum of graphene’s Dirac
electron, i.e. Hˆ = vF ~p.~σ+V0f(~r)Iˆ, where vF is the Fermi
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FIG. 5: (Color online) The Fourier transform of the vdW en-
ergy surface shown in Fig. 2(a). (b,c) Comparison between
numerical results (symbols) and analytical results Eq. (7)
(solid curve) for both zig-zag (b) and arm-chair directions
(c) where x = L/2 and y = 1.84A˚, respectively.
velocity, ~σ is a vector of Pauli matrices. We used six re-
ciprocal lattice vectors, ~Gm = ℜφm ~G0 with m = 0, 1, ..5
where ~G0 =
δ
(1−δ) (
4π
3 aCC
, 0) the modulation function can
be written as f(~r) =
∑
m e
i ~Gm.~r, where ℜφm is the rota-
tion matrix about the z-axis over an angle φm =
2πm
6 .
The modulation function can be simplified and we found
for the variation of the vdW energy
∆U = U−U0 = u0[cos(G0x)+2 cos(G0 x/2) cos(
√
3G0y/2)],
(3)
where U0 = −58.3meV is the offset energy and u0 =
0.5meV is the depth of the potential. The corresponding
force on each carbon atom due to the interaction with
the h-BN sheet can be written as
~F (x, y) = u0G0[
√
3 cos(G0x/2) sin(
√
3G0y/2)xˆ
+(sin(G0x/2) cos(
√
3G0y/2) + sin(G0x))yˆ] ,
(4)
In Figs. 5(b,c) we compare the results of our analyti-
cal approximation (i.e. ∆U shown by solid lines) along
the zig-zag (x = L/2) (b) and armchair (y = 1.84A˚) (c)
directions with our simulation results (symbols). The nu-
merical results are in close agreement with our atomistic
simulation. Therefore this analytical expression can be
4useful to calculate different properties of graphene over
h-BN sheet.
In order to check the accuracy of our atomistic simula-
tions we calculated the total vdW energy stored between
GE and h-BN as function of the inter-sheet distance. Our
classical pair wise potential gives an equilibrium distance
of 3.38 A˚ that is very close to previous first principal cal-
culations for the adhesion energy [9], i.e. 3.35 A˚ (the
distance for the unit cell which gives the lowest energy
(type IV in Ref. [9])). The minimum energy of ≈ 60
meV is also equal to the reported energy obtained by
using DFT calculations [15, 16].
In summary, the vdW interaction between GE and h-
BN was investigated for large size GE samples over h-BN.
We found that the vdW energy surface exhibits a super-
lattice structure with size in the range 68-102 A˚ depend-
ing on the lattice mismatch which is in agreement with
recently measured Moire´ superlattice size of 80 A˚. The
used model for the vdW interaction enables us to perform
atomistic simulations for large sample GE/h-BN and en-
abled us to present an analytical approximate expression
for the spatial varying vdW energy. We found that the
A-B sublattice symmetry in graphene is broken along the
arm-chair direction. Our atomistic results for the total
vdW energy between graphene and a BN sheet are in
agreement with recent DFT calculations. The present
study provides more physical insights on the weak inter-
action between graphene and a hexagonal boron nitride
sheet.
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